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We present a realistic supersymmetric SU{5) model combined with a non-anomalous U{1)f sym- 
metry. We find a set of U{1)f charges which automatically lead to the realistic mass hierarchy 
and mixing patterns for quarks, leptons and neutrinos. All gauge anomalies, including the [f/(l)F]'^ 
anomaly, are cancelled in our model without invoking the Green-Schwarz mechanism or having ex- 
otic fields. Proton decay mediated by dimension 5 operators is automatically suppressed in our 
model, because the scale set by the largest right-handed neutrino mass is much less than the GUT 
scale. 



INTRODUCTION 

The fermion mass hierarchy and mixings are some 
of the least understood aspects of the Standard Model 
(SM). Many attempts have been made to understand the 
large disparity among the masses and mixing angles 1]. 
One approach is the Froggatt-Nielsen (FN) mechanism 
where an U{1)f family symmetry is introduced under 
which the SM fermions are charged. The U{1)f symme- 
try is broken by the vacuum expectation value of a SM- 
singlet scalar field (p whose U{1)f charge, without loss 
of generality, is normalized to be -1. Fermion masses are 
generated by the operators 

[j) , (1) 

if {qi + cij + qn) is a positive integer, and (j) is replaced 
by if (qj -|- qj -\- qj^) is a negative integer. Here i,j are 
generation indices, and qi, qj and qH are respectively the 
U{1)f charges of the fermions 4",, and the SM Higgs 
doublet H. The parameter A is the cutoff scale of the 
U{1)f symmetry. Upon breaking the U{1)f symmetry, 
the effective Yukawa couplings can be written as 

i;^.-^-^ =KyAl«'+«^+«"l , (2) 

where A = {(j)) / A if {qi+qj+qii) is a positive integer, and 
A — /A if {qi + qj + qn) is a negative integer. By hav- 
ing appropriate U{1)f charges for various fermions, the 
realistic masses and mixing patterns can be accommo- 
dated, with A being smaller than unity and Yij ~ 0(1)- 
If the model is supersymmetric, which is the case in our 
model, the couplings to the (j)^ are not allowed, since the 
superpotential must be holomorphic. However, in order 
to ensure D-flatness, a (j> field, which carries charge -1-1, 
must be introduced, with a vacuum expectation value 
close to that of (j). In this case, A — {(f^ /A if [qi + qj+qn) 
is a negative integer. Note that as a result the contribu- 
tions of <f>, (j) to gauge anomalies cancel. 

Models based on a global U{1)f symmetry have been 
constructed before (see references in [H). However, as 



any global symmetry is broken by quantum gravity ef- 
fects, one inevitably has to promote the U{1)f symmetry 
to be a gauge symmetry. In this case, the U{1)f charges 
of the fields are constrained by the anomaly cancellation 
conditions. Most attempts [3 0, 01 far have focussed 
on an anomalous U{1)f symmetry, in which the mixed 
anomalies are cancelled by the Green-Schwarz mecha- 
nism [bI, while the [C/(l)i^-]'^ anomaly is not addressed. 
The [[/(l)i?]'^ anomaly can be cancelled by introducing 
exotic matter fields charged under U{1)f |7]- However, 
these models often involve a rather large number of exotic 
particles whose role is merely to cancel the anomalies Q . 

Here we pursue an alternative scenario Q where the 
theory is anomaly-free, without invoking the Green- 
Schwarz mechanism or exotic particles other than the 
right-handed neutrinos, which are required for neutrino 
masses. (We do have the FN pair of SM singlets <j), (j> 
described above, and we will find it necessary to intro- 
duce another such oppositely-charged pair, but these do 
not contribute to gauge anomalies.) We propose a SUSY 
SU{5) model, combined with a non-anomalous U{1)f, in 
the presence of right-handed neutrinos. We find a set of 
U{1)f charges that satisfy all the anomaly cancellation 
conditions, including the [U{1)f]^ anomaly. Note that 
these charges have to be rational numbers in order for 
the model to be embedded into a simple group in the UV 
completed theory; it is thus highly non-trivial for these 
solutions to exist. We show that these U{1)f charges 
give rise to realistic quark and charged lepton masses 
and mixing patterns. 

The charges we find also lead to a FN mixing pattern 
for the Dirac neutrino Yukawa matrix, Y^; however to 
accommodate the right-handed neutrino masses required 
for the see-saw mechanism we need to introduce a second 
pair of SM singlet fields (XiX) with charges =f|. This 
leads to a realistic texture for the light neutrino mass 
matrix, and if we assume that the observed atmospheric 
neutrino (mass)^ difference sets the scale of the heaviest 
neutrino mass, it follows that (x), (x) ^ lO^^GeV. 

Furthermore we then find that the dimension 4 R- 
parity violating operators lOiSjSfc, are forbidden, and 
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moreover the dimension 5 operators which mediate pro- 
ton decay are automatically suppressed without addi- 
tional assumptions or fine-tuning of parameters, because 
they arise from higher dimensional operators in the ef- 
fective field theory involving powers of XjX- This solves 
a major problem with the usual minimal SUSY SU (5) 
GUT theories, and allows our model to be viable. 



Following 0, we parametrize the charges as 



9*2 
9*3 



'39/2 +a + a 



qf.,+a-a', 



(6) 
(7) 
(8) 



and 



THE MODEL 

In SU{b), the three generations of matter fields are 
unified into 5^ and 10^ representations, where z = 1,2,3 
is the generation index. Under 5; and 10^ have 

charges g/^ and qt^ , respectively. We also introduce right- 
handed neutrinos, the number of which is a free param- 
eter. If the type-I seesaw [l^ is the mechanism that 
gives rise to light neutrino masses, we need at least two 
right-handed neutrinos to accommodate the current neu- 
trino oscillation data; we will take three right-handed 
neutrinos, Ni, which are SU{b) singlets and carry U[l)p 
charges, g„,. 

To generate realistic fermion mass hierarchy utilising 
the FN mechanism and to cancel the gauge anomalies, 
it turns out that two conjugate pairs of 5 and 5 Higgses 
are required (this will be clear once the U{\)f charges 
are presented), which we denote as ^Hi, ^Hi, and 
5^2- The U{\)f charges of and are qui and 
qH2 respectively. In addition, we need a 24-dim Higgs 
to break SU{5) to the SM gauge group. We take this 
Higgs to be neutral under the U{1)f symmetry. The 
U{1)f symmetry is broken spontaneously by the vacuum 
expectation values of the SU (5) singlets, and 0, whose 
U{1)f charges are normalized to —1 and -f 1, respectively. 
Note that (0) — {(j>) << A, as required by D-fiatness. 

There are three anomaly cancellation conditions that 
have to be satisfied: the [SU{5)]'^U{1)f, gravitation- 
U{1)f and [L''(1)f]^ anomalies. Since the 24-dim Higgs 
is neutral under the U{1)f symmetry, it does not con- 
tribute to these anomalies. As the 5-dim Higgses and 
(j) all appear in conjugate pairs, they do not contribute 
either. Therefore, only the matter fields, 5^, 10^ and 
right-handed neutrinos Ni, contribute to the anomalies. 
To cancel the anomalies, their U{1)f charges must satisfy 



i i 

5 E + -^^ E + E 



0, 


(3) 


0, 


(4) 


. 


(5) 



9ni = -39/1 - 26 . 



9n2 
9n3 



-qf2+b + b' , 



79/3 



b-b' 



(9) 
(10) 
(11) 



With this parametrisation, the conditions ^ and ^ are 
satisfied automatically. The values of qf., a, a', b and b' 
are constrained by the cubic equation (O, as well as the 
observed fermion masses and mixing patterns. 



FERMION MASSES AND MIXINGS 

The up-type quark mass matrix is given by the Yukawa 
coupling. 



(12) 



where A = (0) /A. We will take the expansion parameter 
to be the Cabibbo angle, A ~ 0.22. Note that if the sum 
of the charges {qt^ + qtj + qHi ) is non-integer for some i 
and J, that particular Yukawa coupling is forbidden. 

In general, there are similar operators involving S/f^ 
which contribute to the up-type quark masses and thus 
must be included. As we will show later, due to the 
U{1)f charge of the S/fj, these operators are suppressed 
because the sum of charges (g*. -\-qtj +qH2) is non-integer 
for all i and j. It is thus sufficient to consider only the 
operators given in Eq. (jl2p . In this paper, we restrict 
ourselves to the case with {qt- + qtj + qHi) > 0. The ex- 
ponents that determine the quark mass matrix elements 
Uij arc then 

129*1 +9Hi I l9ti + 9*2 + 9Hil l9*i + 9*3 + 9Hi I \ 

|29*2 + 9Hi I |9*2 + 9*3 + 9Hi I (13) 
|29*3+9ffil / 

with Uij = Uji. 

As the top quark mass is large, it is natural to assume 
that it is un-suppressed by the expansion parameter. We 
therefore demand 2qt^ + qn^ = 0. We also assume qf^ = 
qf^ , which is motivated by the large atmospheric neutrino 
mixing. With these assumptions, the parameters 



1, 



1 



(9/1 - 9/2 ) - 3a : 



(14) 
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jives the up-type quark Yukawa couplings 



A5 A^ A2 
.A3 A2 1 



(15) 



yielding a realistic up- type quark mass hierarchy [11 1 . 

Down-type quark masses are generated by the Yukawa 
couplings, 



(16) 



All couplings to the are highly suppressed, because 
the corresponding sums of the U{1)f charges are non- 
integer, as we shall see when we present the solutions for 
the charges. 

Let us assume that the b-quark mass is generated at 
the renormalisable level. (In fact we have also examined 
the cases when the &-mass Yukawa is suppressed by a 
factor of A"*" with «{, = 1,2,3, but without finding a 
solution more elegant than the one we present here) . The 
exponents of the elements in the down-type quark mass 
matrix are then 



9a -3| 3 3 
9a -4| 2 2 
9a -61 



(17) 



The observed mass hierarchy among the down-type 
quarks can be obtained with a = — | and qf-^ ~ 1h — ^ 
when we take (qt^ + qf- — qH2) > 0- The Yukawa cou- 
plings for the down type quarks and the charged leptons 
are 



Yd 



'X^ A3 A3> 
Yl ^ I A3 A^ A^ 
A 1 1 



(18) 



The Yukawa matrices Y^ and Yd also give rise to realis- 
tic CKM matrix elements ll|. In addition, the Georgi- 



Jarlskog relations fl2l] for the first and second generations 
of down type quarks and charged leptons can be obtained 
by introducing a 45-dim Higgs (accompanied by a 45 to 
maintain anomaly cancellation). The following discus- 
sion does not depend on this. 

Let us return to the anomaly cancellation conditions. 
The cubic equation in terms of the three free parameters 
&, h' and qf^ reduces to a linear one and it is given by 



9/2 



4550 + 24306^ + 72%^ - 81fo(-25 + %'^) 
45(124 -I- 905 + 8152 27b'^) 



(19) 

Thus for any rational values of 5 and 5', there always ex- 
ists a solution for qj^ . The simplest set of solutions we 
found correspond to 5 = —37/18 and b' = 3/2. The cor- 
responding U{1)f charges for all the fields in the model 
are shown in Table I. It is remarkable that such a simple 
solution to all the anomaly cancellation constraints ex- 
ists. We note that there are degenerate solutions. With 



Field 


5i 


52 


53 


lOi 


IO2 


103 




iV2 


7V3 


5hi 


5h2 


U{1)f charge 


1 
2 


1 
2 


1 
2 


25 
18 


7 
18 


29 
18 


59 

18 


5 

IS 


49 
18 


29 
9 


19 
9 



Y, 




(21) 
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The effective light neutrino mass matrix, after imple- 
menting the seesaw mechanism, is 



A^ A^ 
A^ A6 A^ 
>A7 A6 A^ 




TABLE I: U(1)f charges of different fields. 

b = —5/9 and 5' — 3, we again get qf^ = —1/2, but 
now qn^ = 5/18 and qn^ — 59/18. These charges lead to 
the same effective neutrino mass matrix, m^, as given in 
Eq. (1221) below. 

We now consider the neutrino sector. The neutrino 
Dirac mass matrix is generated by the Yukawa couplings 



(20) 



As in the charged fermion sector, we will find that all 
couplings to the other Higgs (in this case ) highly 
suppressed. With the charge assignment given in Table 
I, the neutrino Dirac Yukawa matrix is given by 



In order to use the type-I seesaw mechanism to gen- 
erate the effective neutrino masses, we must introduce a 
second pair of SM-singlets XiX with charges t5/9. Then 
the Majorana mass matrix for the right-handed neutrinos 
is 



(22) 



(23) 



where v = {Hi). If we assume v ^ 240GeV and that 
the largest neutrino (mass)^ is around 2 x 10~3eV^, we 
find (x) ^ 10" GeV. The textures given in Eqs. p5|) . 
(fT8|) and (f23l) have been shown to give successful fermion 
masses and mixings ^llj . including those in the neutrino 
sector II3I. 



PROTON DECAY 

The usual minimal SUSY SU{5) GUT model suffers 
from the problem of having rapid proton decay due to the 
dimension 5 operators mediated by colored triplet Hig- 
gsinos, if the masses of the SUSY particles are ~ 1 TeV 

In our model the R-parity violating operators 
Ayfcl0i5j5fe are forbidden by our U{1)f charge assign- 
ments, and moreover cannot be generated via higher di- 
mensional terms involving powers of 0, (f) and/or x, X- (In 
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(0) % 



FIG. 1: Feynman diagrams of dimension 5 operators that 
lead to proton decay mediated by color triplet Higgsinos. (a): 
Dimension 5 proton decay operators in the usual minimal 
SUSY SU{5) model 16,]. (b) and (c): in the presence of 
the U{1)f, these operators are absent because the Yukawa 
couplings that are circled are highly suppressed. 



fact with right handed neutrinos we also have the possi- 
bility of dimension-4 R-parity violating operators of the 
form NiNjNk and Ni^Hi 2^Hi 2 5 these are similarly for- 
bidden). 

Let us now consider the dimension 5 operators 
Kyfc;10aOjlOfc5i. In the usual SUSY GUT theory, one 
needs to tune the parameters kii2i,kii22 to be smaller 
than 10~^ /Mpi [15|. These operators are also forbid- 
den here by U{1)f conservation, but can be generated 
from higher-dimension operators involving 0, (j) and x, x- 
for example the operator lOilOi 10261 has U{1)f charge 
11/3, which can be generated from the operator 



lOilOilOzSi 



A6 



(24) 



All the Kijki 



which for A ^ -^^GUT very suppressed, 
operators are suppressed by ((x)/A)^. 

In the standard SU{5) treatment these operators are 
generated by color triplet Higgs exchange. In our model, 
however, we have two conjugate pairs of Higgses, (5//^ © 
5hi ) and {5h2 ffi5/f2 ) ■ With the U{1)f charge assignment 
given in Table I, the couplings lOilOjS//^ and 10,;5j5Hi 
are also suppressed by ((x)/A)'^ for any i and j, be- 
cause the sums of the U(1)f charges of the fields in- 
volved in each of these operators are fractions of the form 
2/3, —1/3, 7/3 etc. The mass terms that mixes 5hi —5h2 
and — ^Hi are similarly suppressed by a factor of 
((x)/A)^A^. In Fig. (1) we contrast the situations in the 
standard SU (5) treatment and in our model. 

Therefore, all dangerous dimension 5 operators that 
could lead to fast proton decay are absent in this 
model 



Ml 



We note that a similar mechanism to suppress dimen- 
sion 5 proton decay operators has been discussed in, for 
example 0, For more recent work utilising a dis- 

crete symmetry, see [l9| . In these models, unlike in our 
case, the cubic anomaly cancellation condition was not 
imposed to constrain the charges. 



quite remarkable that we are able to find such a sim- 
ple solution for the charges that achieves this. Realistic 
fermion masses and mixing angles are generated upon 
breaking of the U{1)f symmetry. We find that three 
right-handed neutrinos are required in this model in or- 
der to cancel the gauge anomalies, in addition to gener- 
ating neutrino masses. Most interestingly, all dimension 
5 operators that could lead to proton decay are automat- 
ically suppressed. The model therefore possesses all the 
successes of grand unification, while still being consistent 
with the limits from non-observation of proton decay. 

We have not discussed the supersymmetry-breaking 
sector of the theory, nor the origin of the low energy Higgs 
potential. One might, for example, consider anomaly me- 
diated supersymmetry-breaking; particularly since then 
introduction of an anomaly- free U{1) has been advocated 
as leading to a solution of the tachyonic slepton problem. 
However for this to work all the lepton doublets and the 
charged lepton singlets must have the same sign of the 
U{1) charge, so it is not compatible with the structure of 
our model. In a non-GUT context a viable marriage of 
FN textures with anomaly mediation and a U{1)f was 
described in Ref. [2QJ (although in that analysis, unlike 
here, exotic SM singlets are again required to cancel the 
U{1)f cubic and gravitational anomalies). 

Since our quark and lepton mass matrices arise from 
Yukawa couplings to 5hi and 5h2i we need the light 
Higgs doublets and Hd to come primarily from 
these representations. Note that as indicated above the 
5^1—5^2 mass term is suppressed; however the 5hi —5hi 
and 5h2 — ^H2 mass terms are allowed. One way to 
obtain light Higgs doublets would be to introduce cou- 
plings 5_H'i24 5ifi and 5h2^4:^H2 tuned as in the origi- 
nal supersymmetric SU (5) model so as to leave 2 pairs 
of light Higgs doublets and heavy Higgs triplets. Having 
two pairs of Higgs doublets would mean that there would 
have to be quite large threshold corrections in order to 
maintain gauge unification, unless one arranged to have a 
one light pair of color triplets. (This possibility has been 
considered recently in i^g-based models 21].) We hope 
to return elsewhere to a full construction of the Higgs 
sector of the theory. 

It would be interesting to see if this model can be real- 
ized in a more direct way, for example in a string theory 
model of intersecting branes. It may be possible to im- 
plement the mechanism of [22|, in which the connection 
between leptogenesis and_low energy leptonic CP viola- 
tion can be established [23|. It would be interesting to 
investigate this further. 



CONCLUSION 

We have constructed a realistic model based on SUSY 
SU{5) X U{1)f, which is free all gauge anomalies. It is 
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